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A COMBINATORIAL DESCRIPTION OF DUAL DEFECTS OF
TORIC VARIETIES
KATSUHISA FURUKAWA AND ATSUSHI ITO
Abstract. From a finite set in a lattice, we can define a toric variety embedded
in a projective space. In this paper, we give a combinatorial description of the
dual defect of the toric variety using the structure of the finite set as a Cayley
sum with suitable conditions. We also interpret the description geometrically.
1. Introduction
Let X Ă PN be an n-dimensional projective variety over the field of complex
numbers C. The dual variety X˚ Ă pPN q_ ofX is the closure of all pointsH P pPN q_
such that as a hyperplane H is tangent to X at some smooth point x P X, where
pPN q_ is the dual projective space. The dual defect δX of X is the natural number
N ´ 1´ dimX˚. In other words, δX is the dimension of the contact locus on X of
general H P X˚, which is defined to be the closure of
tx P Xsm |H is tangent to X at xu,
where Xsm is the smooth locus of X. A variety X in P
N is said to be dual defective
if the dual defect δX is positive. Otherwise, X is called non-defective.
In this paper, we consider the dual defects of (not necessarily normal) toric vari-
eties defined from a finite subset of Zn as follows (see [GKZ], [CLS]).
For a finite subset A “ tu0, . . . , uNu Ă Z
n, we define the toric variety XA Ă P
N
to be the closure of the image of the morphism
ϕA : pC
ˆqn Ñ PN : t ÞÑ rtu0 : ¨ ¨ ¨ : tuN s,
where tui :“ t
u1i
1 ¨ ¨ ¨ t
uni
n for t “ pt1, . . . , tnq and ui “ pu
1
i , . . . , u
n
i q P Z
n. We set
xA´ Ay Ă Zn to be the subgroup of Zn generated by A´ A :“ tu ´ u1 |u, u1 P Au.
If xA´Ay “ Zn, pCˆqn is embedded into XA as an open dense subset by ϕA.
Dual varieties of toric varieties have been studied by many authors from both
the viewpoints of combinatorics and algebraic geometry, starting with the work of
Gelfand, Kapranov, and Zelevinsky [GKZ]. For example, there are formulas to
compute δXA and the degree of the dual variety X
˚
A by [GKZ], [DFS], [MT], [HS].
The explicit structures of A and XA for dual defective XA are also studied. We
recall the notion of Cayley Sums.
Definition 1.1. Let r ď n be non-negative integers. Let e1, . . . , er be the standard
basis of Zr. For finite sets A0, . . . , Ar Ă Z
n´r, the Cayley sum A0 ˚ ¨ ¨ ¨ ˚ Ar of
A0, . . . , Ar is defined to be
A0 ˚ ¨ ¨ ¨ ˚ Ar :“ pA0 ˆ t0uq Y pA1 ˆ te1uq Y ¨ ¨ ¨ Y pAr ˆ teruq Ă Z
n´r ˆ Zr.
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Let A Ă Zn be a finite subset with xA ´ Ay “ Zn. If XA is dual defective, XA
and A have some special structure as follows.
If XA is smooth, Di Rocco [DR] showed that XA Ă P
N has positive dual defect d
if and only if there exist finite subsets A0, . . . , Ar Ă Z
n´r with 2r´ n “ d such that
‚ A is Z-affinely equivalent to the Cayley sum A0 ˚ ¨ ¨ ¨ ˚Ar, i.e., there exists a
Z-affine isomorphism Zn Ñ Zn´r ˆ Zr which maps A onto A0 ˚ ¨ ¨ ¨ ˚ Ar,
‚ all ConvpAiq’s have the same normal fan.
Geometrically, this is equivalent to say that there exist a smooth toric variety X 1
and torus equivariant ample line bundles L0, . . . , Lr on X
1 such that
pXA,OXAp1qq » pPX1pL0 ‘ ¨ ¨ ¨ ‘ Lrq,OPp1qq,(1.1)
where OPp1q is the tautological line bundle. This result is generalized to the case
when XA is normal and Q-factorial by Casagrande and Di Rocco [CD]. See also
[DN] for dual defects of smooth XA.
On the other hand, without any assumption on the singularity, it is known that
A is Z-affinely equivalent to a Cayley sum A0 ˚ A1 if XA is dual defective by [CC],
[Es]. More precisely, A is Z-affinely equivalent to A0 ˚ ¨ ¨ ¨ ˚ Aδ Ă Z
n´δ ˆ Zδ for
some A0, . . . , Aδ Ă Z
n´δ for δ “ δXA by [It, Corollary 4.2]. However, the converse
statement does not hold in general (e.g., XA “ P
1 ˆ P1 Ă P3 is not dual defective
for A “ t0, 1u ˚ t0, 1u Ă Z1 ˆ Z1). To modify this result, we consider the following
condition on Cayley sums.
Definition 1.2. For finite sets A0, . . . , Ar Ă Z
n´r, we say that the Cayley sum
A “ A0 ˚ ¨ ¨ ¨ ˚ Ar is of join type if xA0 ´A0y ` ¨ ¨ ¨ ` xAr ´Ary Ă Z
n´r is the inner
direct sum of xA0 ´A0y, . . . , xAr ´Ary, i.e.,
xA0 ´A0y ‘ ¨ ¨ ¨ ‘ xAr ´Ary Ñ Z
n´r : pm0, . . . ,mrq ÞÑ m0 ` ¨ ¨ ¨ `mr(1.2)
is injective. We note that (1.2) is surjective if and only if xA ´ Ay “ Zn´r ˆ Zr
holds. Hence under the assumption xA ´ Ay “ Zn´r ˆ Zr, A0 ˚ ¨ ¨ ¨ ˚ Ar is of join
type if and only if (1.2) is an isomorphism.
If A “ A0 ˚ ¨ ¨ ¨ ˚ Ar is of join type, XA coincides with
JpXA0 , . . . ,XArq :“
ď
x0PX0,...,xrPXr
x0 . . . xr,
the join of XA0 , . . . ,XAr with natural embeddings XAi ãÑ XA Ă P
N , where x0 . . . xr
is the linear subvariety spanned by x0, . . . , xr. See §6.1 for detail.
The following is the main result of this paper.
Theorem 1.3 (=Theorem 5.1). Let A Ă Zn be a finite subset with xA´Ay “ Zn.
Then there exist finite subsets A0, . . . , Ar Ă Z
n´r and a surjective group homomor-
phism p : Zn´r Ñ Zn´r´c for some non-negative integers r, c such that the following
three conditions are satisfied;
(a) A Ă Zn is Z-affinely equivalent to the Cayley sum A0 ˚ ¨ ¨ ¨ ˚Ar Ă Z
n´rˆZr,
(b) ppA0q ˚ ¨ ¨ ¨ ˚ ppArq Ă Z
n´r´c ˆ Zr is of join type,
(c) the dual defect δXA “ r ´ c.
We remark that, if there exist A0, . . . , Ar Ă Z
n´r and p : Zn´r Ñ Zn´r´c which
satisfy the conditions (a) and (b) in Theorem 1.3, it holds that δXA ě r´c in general
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as we will see in Proposition 4.7 and Lemma 6.5. Hence we can regard Theorem 1.3
as a combinatorial description of dual defects of toric varieties.
Since p ˆ idZrpA0 ˚ ¨ ¨ ¨ ˚ Arq “ ppA0q ˚ ¨ ¨ ¨ ˚ ppArq is of join type, XA contains
Xpˆ1Zr pA0˚¨¨¨˚Arq “ JpXppA0q, . . . ,XppArqq. In other words, Xpˆ1Zr pA0˚¨¨¨˚Arq is the
closure of a fiber of the torus equivariant rational map XA 99K pC
ˆqc induced by
Zc » kerpp ˆ idZr q Ă Z
n´r ˆ Zr. Hence we have the following geometric structure
of a toric variety with respect to the dual defect.
Theorem 1.4 (=Theorem 6.7). Let A Ă Zn be a finite subset with xA´Ay “ Zn.
There exists a torus equivariant dominant rational map ψ : XA 99K pC
ˆqc for some
c ě 0 such that the closure of each fiber is projectively equivalent to the join of r` 1
non-defective toric varieties and δXA “ r ´ c.
In general theory of projective geometry, we have the following two lower bounds
about dual defects (see §6).
‚ Let X Ă PN be a projective variety. If there exists a covering family tYsus
(i.e.,
Ť
Ys “ X) of subvarieties of X of codimension c and δYs “ δ for general
s, it holds that δX ě δ ´ c.
‚ If Y is the join of r ` 1 varieties, then δY ě r holds.
Theorem 1.3 means that XA has a covering family tYsusPpCˆqr for Ys “ ψ
´1psq such
that each ψ´1psq is the join of r ` 1 toric varieties and the equalities hold in the
above two inequalities.
Remark 1.5. If XA is smooth, we can take as ψ in Theorem 1.4 the morphism
PX1pL0 ‘ ¨ ¨ ¨ ‘ Lrq Ñ X
1 under the identification (1.1). More generally, if XA is
normal and Q-factorial, we can take as ψ an elementary extremal contraction of
fiber type ψ : XA Ñ X
1 to a normal Q-factorial toric variety X 1 by [CD, Corollary
5.5, Remark 5.6].
In general, we cannot take a morphism as ψ, even ifXA is normal. See Example 6.9.
Remark 1.6. As we will see in Example 5.2, Ai and p in Theorem 1.3 or ψ in
Theorem 1.4 are not unique in general. In fact, even r and c are not uniquely deter-
mined by A. However, we actually construct A0, . . . , Ar and p so that the subvari-
ety XppA0q˚¨¨¨˚ppArq Ă X satisfies the following condition: if A
1
0, . . . , A
1
r1 Ă Z
n´r1 and
p1 : Zn´r
1
Ñ Zn´r´c
1
also satisfy (a), (b), (c) in Theorem 1.3, Xp1pA1
0
q˚¨¨¨˚p1pA1
r1
q Ă XA
is contained in XppA0q˚¨¨¨˚ppArq. By adding this maximality condition in Theorem 1.3,
A0, . . . , Ar and p are uniquely determined by A up to suitable Z-affine isomorphisms.
See Theorem 5.4 for detail.
In the end of the introduction, we explain the idea of the proof of Theorem 1.3.
Let A Ă Zn be a finite set with xA´Ay “ Zn. Let H Ă PN be a general hyperplane
which is tangent to XA at the unit element 1n P pC
ˆqn Ă XA. By definition, δXA is
the dimension of the open subset of the contact locus,
Z˝H :“ tx P pC
ˆqn |H is tangent to XA at xu Ă XA Ă P
N .
If A “ A0 ˚ ¨ ¨ ¨ ˚ Ar for some A0, . . . , Ar Ă Z
n´r, we have a subtorus
t1n´ru ˆ pC
ˆqr Ă pCˆqn´r ˆ pCˆqr Ă XA0˚¨¨¨˚Ar .
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By a direct calculation, we have a linear algebraic description of Z˝H X pt1n´ru ˆ
pCˆqrq by using xAi ´Aiy’s in Z
n´r in §4.
To reduce Theorem 1.3 to this linear algebraic description, we use the well-known
fact that the closure ZH :“ Z
˝
H Ă XA Ă P
N is a linear subvariety. In §3, we show
that the linear subvariety ZH Ă XA induces an identification of A with a Cayley
sum A0 ˚ ¨ ¨ ¨ ˚ Ar for some r such that ZH is contained in a (possibly larger) linear
subvariety
Pr “ t1n´ru ˆ pCˆqr Ă XA0˚¨¨¨˚Ar “ XA.
Then Z˝H is contained in t1n´ruˆpC
ˆqr. Hence we have a linear algebraic description
of Z˝H “ Z
˝
H X pt1n´ru ˆ pC
ˆqrq, from which we can construct p : Zn´r Ñ Zn´r´c.
In the proofs of [DR], [CD], they construct ψ in Theorem 1.4 as an extremal
contraction induced by lines in ZH . However, we cannot take a morphism as ψ in
general. This is the reason why we do not use extremal contractions in our proof.
This paper is organized as follows. In §2, we make some preliminaries. In §3, we
prove that a linear subvariety of XA induces an identification of A with a suitable
Cayley sum (Corollary 3.7). Corollary 3.7 has been proven concurrently by Ilten
and Zotine in independent work [IZ]. In §4, we give a linear algebraic description
of Z˝H X pt1n´ru ˆ pC
ˆqrq, as stated in the idea of the proof. In §5, we prove
Theorem 1.3. In §6, we interpret Theorem 1.3 geometrically and show Theorem 1.4.
Throughout this paper, we work over the field of complex numbers C.
Acknowledgments. The authors would like to thank Professor Nathan Ilten and
Mr. Alexandre Zotine for sending us their draft. The second author was supported
by the Grant-in-Aid for JSPS fellows, No. 26–1881.
2. Preliminaries
2.1. Notations and conventions. We denote by N,Z,Q,R, and C the set of all
natural numbers, integers, rational numbers, real numbers, and complex numbers
respectively. In this paper, N contains 0. We denote Cz0 by Cˆ. Let us denote by
1n the unit element of the algebraic torus pC
ˆqn.
Let M,M 1 be free abelian groups. We say that a subset S Ă M is Z-affinely
equivalent to a subset S1 Ă M 1 if there exists a Z-affine isomorphism M Ñ M 1
which maps S onto S1.
For a free abelian group M and for a field k, we denote M bZ k by Mk.
Throughout this paper, we use the word “general” with respect to Zariski topol-
ogy, that is, for a variety X, we say a property holds at a general point of X if it
holds for all points in the complement of a proper algebraic subset.
2.2. Preliminary on toric varieties and Cayley sums. We recall some basic
facts about toric varieties.
For a finite subset A Ă Zn, let θ : Zm Ñ AffpAq be a Z-affine isomorphism, where
AffpAq Ă Zn is the affine lattice spanned by A and m “ rkAffpAq “ rkxA ´ Ay.
Then θ´1pAq spans Zm as an affine lattice and Xθ´1pAq is naturally identified with
XA by [GKZ, Chapter 5, Proposition 1.2]. In particular, we can identify XA and
XA1 if A Ă Z
n and A1 Ă Zn are Z-affinely equivalent.
The following is a well-known fact. See [FI, Lemma 2.1] for example for the proof.
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Lemma 2.1. Let A Ă Zn be a finite subset with xA ´ Ay “ Zn. Let π : Zn Ñ Zn
1
be a surjective group homomorphism. Then there exists a natural torus equivariant
embedding i : XπpAq ãÑ XA Ă P
#A´1 so that XπpAq Ă P
#πpAq´1 and ipXπpAqq Ă
P#A´1 are projectively equivalent.
By this lemma, we can regard XπpAq as a closed subvariety of XA. If A “ A0 ˚
¨ ¨ ¨ ˚ Ar is a Cayley sum and π : Z
n´r ˆ Zr Ñ Zr is the projection to the second
factor, the subvariety Pr “ Xt0,e1,...,eru Ă XA0˚¨¨¨˚Ar coincides with the closure of the
subtorus t1n´ru ˆ pC
ˆqr Ă pCˆqn´r ˆ pCˆqr Ă XA0˚¨¨¨˚Ar .
The following lemma is also well-known. We give a proof since we will use the
argument in §5.1.
Lemma 2.2. Let A Ă Zn be a finite subset with xA ´ Ay “ Zn. Let π : Zn Ñ
Zr be a surjective group homomorphism such that πpAq is Z-affinely equivalent to
t0, e1, . . . , eru. Then there exist finite subsets A0, . . . , Ar Ă Z
n´r and Z-affine iso-
morphisms f : Zn Ñ Zn´r ˆ Zr and g : Zr Ñ Zr such that fpAq “ A0 ˚ ¨ ¨ ¨ ˚ Ar
and
Zn
f

π
// Zr
g

Zn´r ˆ Zr
pr2
// Zr
is commutative, where pr2 is the projection to the second factor. In particular,
(i) A is Z-affinely equivalent to the Cayley sum A0 ˚ ¨ ¨ ¨ ˚ Ar,
(ii) under the identification of XA and XA0˚¨¨¨˚Ar , the subvariety XπpAq Ă XA
coincides with Xt0,e1,...,eru Ă XA0˚¨¨¨˚Ar .
Proof. Let s : Zr Ñ Zn be a section of 0 Ñ kerπ Ñ Zn
π
ÝÑ Zr Ñ 0 and set
πpAq “ tu10, . . . , u
1
ru. We identify kerπ with Z
n´r by taking a basis of ker π. Then
the isomorphism defined by
Zn Ñ ker π ˆ Zr “ Zn´r ˆ Zr : u ÞÑ pu´ spπpuqq, πpuqq(2.1)
maps A onto
Ťr
i“0pAi ˆ tu
1
iuq, where
Ai :“ pπ
´1pu1iq XAq ´ spu
1
iq Ă ker π “ Z
n´r
is the parallel translation of π´1pu1iq XA by ´spu
1
iq.
Let g be the Z-affine isomorphism Zr Ñ Zr defined by gpu10q “ 0 and gpu
1
iq “ ei
for 1 ď i ď r. Let f : Zn Ñ Zn´r ˆ Zr be the composite of (2.1) and idZn´r ˆg :
Zn´r ˆ Zr Ñ Zn´r ˆ Zr. By construction, fpAq “ A0 ˚ ¨ ¨ ¨ ˚ Ar and pr2 ˝f “ g ˝ π
hold.
(i) follows from fpAq “ A0 ˚ ¨ ¨ ¨ ˚ Ar and (ii) follows from the commutativity
pr2 ˝f “ g ˝ π. 
Finally, we see that a Cayley sum is of join type if so is its refinement. The
simplest case is the following example.
Example 2.3. Let A10, . . . , A
1
r, A
1
r`1 Ă Z
n´r´1 be finite subsets for 0 ď r ď n ´ 1.
Set A0, . . . , Ar Ă Z
n´r´1 ˆ Zer`1 » Z
n´r by
A0 “ A
1
0 ˆ t0u YA
1
r`1 ˆ ter`1u, Ai “ A
1
i ˆ t0u for 1 ď i ď r.
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Then A0 ˚ ¨ ¨ ¨ ˚Ar Ă pZ
n´r´1ˆZer`1qˆZ
r is Z-affinely equivalent to A10 ˚ ¨ ¨ ¨ ˚A
1
r ˚
A1r`1 Ă Z
n´r´1 ˆ Zr`1. Since
xA0 ´A0y “ xA
1
0 ´A
1
0y ˆ t0u ` xA
1
r`1 ´A
1
r`1y ˆ t0u ` Zp0, er`1q,
xAi ´Aiy “ xA
1
i ´A
1
iy ˆ t0u for 1 ď i ď r
in Zn´r´1ˆZer`1, we have that A0 ˚¨ ¨ ¨˚Ar is of join type if so is A
1
0 ˚¨ ¨ ¨˚A
1
r ˚A
1
r`1.
By repeating this argument, we have the following lemma.
Lemma 2.4. Let A Ă Zn be a finite subset with xA´ Ay “ Zn. Let r ď r1 ď n be
non-negative integers and let
π :“ ̟ ˝ π1 : Zn
π1
ÝÑ Zr
1 ̟
ÝÑ Zr
be the composite of two surjective group homomorphisms π1,̟.
Assume that π1pAq Ă Zr
1
is Z-affinely equivalent to t0, e1, . . . , er1u and πpAq Ă Z
r
is Z-affinely equivalent to t0, e1, . . . , eru. Let A0, . . . , Ar Ă Z
n´r (resp. A10, . . . , A
1
r1 Ă
Zn´r
1
) be the finite subsets obtained by Lemma 2.2 for π (resp. π1). If A10 ˚ ¨ ¨ ¨ ˚A
1
r1
is of join type, so is A0 ˚ ¨ ¨ ¨ ˚ Ar.
Proof. By the induction of r1´ r, it suffices to show the case r1 “ r`1. In this case,
this lemma follows from Example 2.3. 
3. Cayley structure induced from planes
3.1. Normal toric varieties defined by lattice polytopes. In this section, we
consider normal toric varieties defined by polytopes. Hence we recall some nota-
tions about normal toric varieties. We refer the reader to [Fu], [CLS] for a further
treatment.
A lattice polytope in Rn is the convex hull of a finite set in Zn. The dimension of
a lattice polytope P Ă Rn is the dimension of the affine space spanned by P . For
a subset S in an R-vector space, we denote by ConvpSq (resp. ConepSq) the convex
hull of S (resp. the closed convex cone spanned by S). We say subsets S, S1 in Rn
are Z-affinely equivalent if there exists a Z-affine translation of Rn which maps S
onto S1.
Let P Ă Rn be a lattice polytope of dimension n. Then we can define the polarized
toric variety associated to P as
pXP , LP q “ pProjCrΓP s,Op1qq,
where ΓP :“ Conept1u ˆ P q X pN ˆ Z
nq is a subsemigroup of N ˆ Zn. We consider
that ΓP is graded by N, that is, the degree k part of ΓP is ΓP X ptku ˆ Z
nq “
tku ˆ pkP X Znq. There exists a natural action on XP by the torus pC
ˆqn. We
denote the maximal orbit in XP by OP “ pC
ˆqn. We regard 1n P pC
ˆqn as a point
in XP by pC
ˆqn “ OP Ă XP .
By definition, a lattice point u P P X Zn corresponds to a global section xu P
H0pXP , LP q. It is well known that such global sections form a basis of H
0pXP , LP q
and the linear system |LP | is base point free.
Let A Ă Zn be a finite set and assume that the lattice polytope P :“ ConvpAq Ă
Rn is n-dimensional. Then the linear system |
À
uPACx
u| Ă |LP | defines a finite
morphism ν : XP Ñ P
N for N “ #A ´ 1. The image is nothing but XA Ă P
N . If
xA´Ay “ Zn, ν is the normalization of XA.
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3.2. Refinement of a result in [It].
Definition 3.1. Let pX,Lq be a polarized variety and let r be a non-negative integer.
A subvariety Z Ă X is called an r-plane if pZ,L|Zq is isomorphic to pP
r,OPrp1qq as
a polarized variety.
In this paper, we consider r-planes in pXP , LP q or pXA,OPN p1q|XAq. We say that
a subvariety of XP or XA is an r-plane under these polarizations.
Let π : Zn Ñ Zr be a surjective group homomorphism and πR : R
n Ñ Rr be the
induced R-linear map. Assume πRpP q is Z-affinely equivalent to Convp0, e1, . . . , erq
for an n-dimensional lattice polytope P Ă Rn. Then π induces a surjective semigroup
homomorphism ΓP Ñ ΓπRpP q. Hence we have an embedding XπRpP q ãÑ XP with
LP |XpiRpP q “ LπRpP q. Since πRpP q is Z-affinely equivalent to Convp0, e1, . . . , erq,
XπpP q Ă XP is an r-plane. The following result states that conversely we can find
such π : Zn Ñ Zr from an r-plane in XP .
Theorem 3.2 ([It, Theorem 1.2]). Let P Ă Rn be a lattice polytope of dimension n.
Then there exists a surjective group homomorphism π : Zn Ñ Zr such that πRpP q
is Z-affinely equivalent to Convp0, e1, . . . , erq if and only if there exists an r-plane
Z Ă XP such that 1n P Z XOP .
To prove Theorem 1.3, we want a projection π such that XπRpP q contains Z as
we explained in Introduction. However, the above theorem does not give such π.
Roughly this is because we construct π so that Z degenerates to XπRpP q by choos-
ing a monomial order of Nr in the proof, although the degeneration does not appear
explicitly. In particular, the r-plane XπRpP q constructed in [It] depends on the mono-
mial order. The following theorem gives a refinement of Theorem 3.2.
Theorem 3.3. Let P Ă Rn be a lattice polytope of dimension n. Let Z Ă XP
be an l-plane with 1n P Z X OP for l ě 0. Then there exists a surjective group
homomorphism π : Zn Ñ Zr such that
(i) πRpP q is Z-affinely equivalent to Convp0, e1, . . . , erq,
(ii) the r-plane XπRpP q Ă XP contains Z,
(iii) if a surjective group homomorphism π1 : Zn Ñ Zr
1
satisfies (i), (ii), then
XπRpP q Ă Xπ1RpP q holds as subvarieties of XP .
Remark 3.4. By (ii), we have r ě l. Hence Theorem 3.2 follows from Theorem 3.3.
By (iii), such r-plane XπRpP q Ă XP is uniquely determined by P and Z. In other
words, such π is uniquely determined up to GLpZrq.
Proof of Theorem 3.3. Step 1. Without loss of generality, we may assume that
0 P Zn is a vertex of P . Let xu P H0pXP , LP q be the section corresponding to
u P P XZn, and let Du P |LP | be the corresponding divisor. Since 1n is contained in
Z and not contained in Du, we have Z Ć Du. Hence Du|Z is a divisor on Z. Since
Z is an l-plane, Du|Z is a hyperplane on Z » P
l.
Consider the following set of hyperplanes on Z
H “
 
H Ă Z
ˇˇ
H “ Du|Z for some u P P X Z
n
(
.
Let H0, . . . ,Hr be all the members of H for r “ #H´1. Since
Ť
uPPXZn SuppDu “
XP zOP , we have
Ťr
i“0Hi “ ZzpZ XOP q.
We can decompose P X Zn into the disjoint union of A0, A1 ¨ ¨ ¨ , Ar by
Ai :“
 
u P P X Zn
ˇˇ
Du|Z “ Hi Ă Z
(
.
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We may assume that 0 P P X Zn is contained in A0. We note that each Ai is not
empty. In the following steps, we will construct π : Zn Ñ Zr which contracts each
Ai to a point.
Step 2. We define a graded semigroup homomorphism
β : ΓP “ Conept1u ˆ P q X pN ˆ Z
nq Ñ NˆNr
as follows. For pk, uq P ΓP , we denote by x
pk,uq P H0pXP , kLP q the corresponding
section. Hence we have the corresponding divisor Dpk,uq P |kLP | on XP . Since
SuppDpk,uq Ă XP zOP , SuppDpk,uq|Z is contained in ZzpZ XOP q “
Ťr
i“0Hi. Thus
we can write
Dpk,uq|Z “ a0H0 ` ¨ ¨ ¨ ` arHr P
ˇˇ
kLP |Z
ˇˇ
» |OPlpkq|
uniquely for some ai P N with
řr
i“0 ai “ k. We define
βpk, uq “ pk, a1, . . . , arq P Nˆ N
r.(3.1)
We note that we do not take a0 in the definition of β. For pk, uq, pk
1, u1q P ΓP , we
have
xpk,uq ¨ xpk
1,u1q “ xpk`k
1,u`u1q P H0pXP , pk ` k
1qLP q.
Hence Dpk`k1,u`u1q|Z “ Dpk,uq|Z `Dpk1,u1q|Z holds. Thus β is a semigroup homomor-
phism.
Set ∆r “ Convp0, e1, . . . , erq Ă R
r. Since ai P N and a1 ` ¨ ¨ ¨ ` ar ď k for ai in
(3.1), we have βpΓP q Ă Γ∆r “ Conept1u ˆ∆rq X pNˆ Z
nq.
For u P P X Zn, the divisor Dp1,uq is nothing but Du in Step 1. Hence we have
Dp1,uq|Z “ Hi as divisors for u P A
i. Thus
βp1, uq “
"
p1, 0q if u P A0
p1, eiq if u P A
i for 1 ď i ď r.
(3.2)
In particular, we have βpΓP q “ Γ∆r since Γ∆r is generated by p1, 0q, p1, e1q, . . . , p1, erq
as a semigroup.
Step 3. Since β is a semigroup homomorphism and ΓP Ă NˆZ
n spans ZˆZn as a
group, β uniquely extends to a group homomorphism ZˆZn Ñ ZˆZr. We denote
the group homomorphism by the same letter β. We define a Z-affine homomorphism
π : Zn Ñ Zr by
π : Zn » t1u ˆ Zn Ă Zˆ Zn
β
ÝÑ Zˆ Zr Ñ Zr,
where the last homomorphism is the projection to the second factor.
By (3.2),
πpuq “
"
0 if u P A0
ei if u P A
i for 1 ď i ď r.
(3.3)
In particular, πp0q “ 0 P Zr holds since 0 P A0. Hence π is a surjective group
homomorphism. Since πRpP q “ ∆r by (3.3), (i) follows. The embedding XπRpP q Ă
XP is induced by the graded C-algebra homomorphism
Ψ : CrΓP s Ñ CrΓ∆r s : x
pk,uq ÞÑ xβpk,uq.
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Step 4. To show (ii), it suffices to see that the natural homomorphism
CrΓP s “
à
kPN
H0pXP , kLP q Ñ
à
kPN
H0pZ, kLP |Zq.(3.4)
factors through Ψ. Since Ψ is induced by β, the kernel of Ψ is generated by
txpk,uq ´ xpk,u
1q | pk, uq, pk, u1q P ΓP , βpk, uq “ βpk, u
1qu.
By the following claim, kerΨ is contained in the kernel of (3.4), which implies
Z Ă XπRpP q.
Claim 3.5. If βpk, uq “ βpk, u1q for pk, uq, pk, u1q P ΓP , it holds that x
pk,uq|Z “
xpk,u
1q|Z P H
0pZ, kLP |Zq » H
0pPl,Opkqq.
Proof. For pk, uq P ΓP , we can write
Dpk,uq|Z “ a0H0 ` ¨ ¨ ¨ ` arHr P
ˇˇ
LP |Z
ˇˇ
» |OPlpkq|
for some ai P N with
řr
i“0 ai “ k by Step 2. Hence βpk, uq “ βpk, u
1q holds if and
only ifDpk,uq|Z “ Dpk,u1q|Z holds as divisors on Z. Thus we have x
pk,uq|Z “ a¨x
pk,u1q|Z
for some a P Cˆ. By substituting 1n P Z XOP to this equality, we have a “ 1. 
Step 5. To show (iii), take another surjective group homomorphism π1 : Zn Ñ Zr
1
such that π1RpP q is Z-affinely equivalent to ∆r1 “ Convp0, e1, . . . , er1q and Z Ă
Xπ1
R
pP q Ă XP .
Since π1RpP q is Z-affinely equivalent to ∆r1, pker π
1qR “ kerpπ
1
Rq is generated by
tu´ u1 |u, u1 P P X Zn, π1puq “ π1pu1qu
as an R-vector space. If π1puq “ π1pu1q for u, u1 P P X Zn, we have
xu|X
pi1
R
pP q
“ xu
1
|X
pi1
R
pP q
P H0pXπ1
R
pP q, Lπ1
R
pP qq “ H
0pXπ1
R
pP q, LP |Xpi1
R
pP q
q.
Since Z Ă Xπ1
R
pP q, x
u|Z “ x
u1 |Z P H
0pZ,LP |Zq holds, and hence Du|Z “ Du1 |Z .
By the definition of Ai and (3.3), we have πpuq “ πpu1q, i.e., u ´ u1 P ker π. Hence
kerπ1 Ă ker π, which implies XπRpP q Ă Xπ1RpP q. 
Lemma 3.6. In the statement of Theorem 3.3, let H0,H1, . . . ,Hr Ă XπRpP q » P
r
be the torus invariant hyperplanes. Then we have H i|Z ‰ Hj|Z for any i ‰ j as
hyperplanes on Z.
Proof. We use the notation in the proof of Theorem 3.3. By renumbering the in-
dexes, we may assume that H i is the hyperplane corresponding to πpA
iq P πRpP q X
Zr “ t0, e1, . . . , eru. Then we have H i “ Du|XpiRpP q for u P A
i. Since H i|Z “ Du|Z “
Hi for u P A
i, the assertion follows. 
As a corollary of Theorem 3.3, we have a similar statement for XA Ă P
N .
Corollary 3.7. Let A Ă Zn be a finite subset with xA´Ay “ Zn. Let Z Ă XA be an
l-plane with 1n P Z for l ě 0. Then there exists a surjective group homomorphism
π : Zn Ñ Zr such that
(i) πpAq is Z-affinely equivalent to t0, e1, . . . , eru,
(ii) the r-plane XπpAq Ă XA contains Z,
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(iii) if a surjective group homomorphism π1 : Zn Ñ Zr
1
satisfies (i) and (ii), it
holds that XπpAq Ă Xπ1pAq as subvarieties of XA.
Proof. Set P “ ConvpAq Ă Rn. Then we have the normalization ν : XP Ñ XA such
that ν˚OXAp1q “ LP . Let Z
1 Ă XP be the strict transform of Z Ă XA. Since ν
is an isomorphism over pCˆqn Ă XA and Z X pC
ˆqn ‰ H, ν|Z 1 : Z
1 Ñ Z is finite
and birational. Since Z » Pl is normal, ν|Z 1 is an isomorphism by Zariski’s main
theorem. Hence 1n P Z
1 Ă XP is an l-plane. Thus we can apply Theorem 3.3 to
P,Z 1 and obtain π : Zn Ñ Zr which satisfies (i)-(iii). 
Remark 3.8. In [IZ, Section 5], Ilten and Zotine prove Corollary 3.7 independently,
as a key step to describe the Fano schemes of XA. We note that they also consider
l-planes in XAzpC
ˆqn.
We also have the following lemma in a similar way to Lemma 3.6. This will be
used in the proof of Theorem 1.3.
Lemma 3.9. For XπpAq in the statement of Corollary 3.7 and the torus invariant
hyperplanes H0,H1, . . . ,Hr Ă XπpAq » P
r, we have H i|Z ‰ Hj|Z for any i ‰ j as
hyperplanes on Z.
4. Cayley sum and Contact locus
Definition 4.1. Let A Ă Zn be a finite subset with xA´Ay “ Zn and let H Ă PN
be a hyperplane. We set
Z˝A,H :“ tx P pC
ˆqn |H is tangent to XA at xu Ă pC
ˆqn Ă XA
and let ZA,H Ă XA be the closure of Z
˝
A,H . We call ZA,H the contact locus of H on
XA.
It is known that ZA,H Ă XA Ă P
N is a δXA-plane if H P pP
N q_ is a general point
of X˚A (see [Te, Theorem 1.18] for example). Because of the torus action on XA,
ZA,H is a δXA-plane if H is a general hyperplane which is tangent to XA at 1n.
In this section, we fix finite sets A0, . . . , Ar Ă Z
n´r and let A be the Cayley sum
A0 ˚ ¨ ¨ ¨ ˚ Ar Ă Z
n´r ˆ Zr. We assume xA´Ay “ Zn´r ˆ Zr.
By identifying pCˆqr with t1n´ru ˆ pC
ˆqr, we regard pCˆqr as a subtorus of
pCˆqn´r ˆ pCˆqr. Then the closure of pCˆqr in XA is nothing but the r-plane
XπpAq Ă XA induced by the projection π : Z
n´r ˆ Zr Ñ Zr to the second factor.
Our aim is to describe Z˝A,H X pC
ˆqr.
Write Ai “ tui0, . . . , uiNiu Ă Z
n´r for Ni “ #Ai ´ 1, and set N “ #A ´ 1 “řr
i“0pNi ` 1q ´ 1. Let tXiju0ďiďr,0ďjďNi be the homogeneous coordinates on P
N ,
and let z1, . . . , zn´r, w1, . . . , wr be the coordinates of pC
ˆqn´r ˆ pCˆqr. Then the
embedding ϕA : pC
ˆqn´r ˆ pCˆqr ãÑ PN is defined by pz1, . . . , zn´r, w1, . . . , wrq ÞÑ
rwiz
uij s0ďiďr,0ďjďNi , where we set w0 “ 1 P C. Let us take a linear polynomialÿ
0ďiďr,0ďjďNi
aijXij with aij P C,
and consider the hyperplane H Ă PN defined by the polynomial.
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Lemma 4.2. Let H be as above and take w P pCˆqr. Then H is tangent to XA at
p1n´r, wq P pC
ˆqn´r ˆ pCˆqr if and only if paijqi,j P C
N`1 satisfies the conditionÿ
0ďjďNi
aij “ 0 P C for 0 ď i ď r,ÿ
0ďiďr
wi
ÿ
0ďjďNi
aijuij “ 0 P pZ
n´rqC “ C
n´r.
(4.1)
Proof. We set F “
ř
aijXij , the defining polynomial of H. Then H is tangent to
XA at p1n´r, wq if and only if
f “ Bf{Bwi “ Bf{Bzl “ 0 at p1n´r, wq for 1 ď i ď r, 1 ď l ď n´ r,(4.2)
where f :“ F ptwiz
uijui,jq “
ř
0ďiďr,0ďjďNi
aijwiz
uij .
The condition (4.2) implies (4.1) as follows. Since Bf{Bwi “ 0 at p1n´r, wq, we
have
ř
j aij “ 0 for i ą 0. Since f “ 0 at p1n´r, wq, we have
ř
i wi
ř
j aij “ř
i,j aijwi “ 0, and then
ř
j a0j “ 0 also holds. Write uij “ pu
1
ij , . . . , u
n´r
ij q P Z
n´r.
Since Bf{Bzl “
ř
i,j aijwiu
l
ij ¨ pz
uij{zlq “ 0 at p1n´r, wq, we have
ř
iwi
ř
j aiju
l
ij “ř
i,j aijwiu
l
ij “ 0 in C for all 1 ď l ď n ´ r. Using a vector expression, we haveř
iwi
ř
j aijuij “ 0 in C
n´r.
In a similar way, we can show that (4.1) implies (4.2). 
We have the following corollary of Lemma 4.2 as the case w “ 1r P pC
ˆqr.
Corollary 4.3. Let H Ă PN be the hyperplane defined by
ř
0ďiďr,0ďjďNi
aijXij “ 0.
Then H is tangent to XA at p1n´r, 1rq if and only if paijqi,j P C
N`1 satisfies the
condition ÿ
0ďjďNi
aij “ 0 P C for 0 ď i ď r,
ÿ
0ďiďr
ÿ
0ďjďNi
aijuij “ 0 P C
n´r.(4.3)
Now we assume that the hyperplane H is tangent to XA at p1n´r, 1rq, i.e., paijqi,j
satisfies (4.3). We set
mi “
ÿ
0ďjďNi
aijuij P C
n´r
and consider the linear map
ξ : Cr`1 Ñ Cn´r : pW0, . . . ,Wrq ÞÑ
ÿ
0ďiďr
Wimi.
Note that for Pr “ P˚ pCr`1q “ pCr`1zt0uq{Cˆ, the torus pCˆqr is embedded in
XπpAq “ P
r as an open dense subset by pw1, . . . , wrq ÞÑ r1 : w1 : ¨ ¨ ¨ : wrs.
Lemma 4.4. Assume that H is tangent to XA at p1n´r, 1rq. Then
(1) Z˝A,H X pC
ˆqr “ tw “ pw1, . . . , wrq P pC
ˆqr |
ř
0ďiďr wimi “ 0 P C
n´ru and
the closure is equal to P˚ pker ξq Ă P˚ pCr`1q “ Pr, where w0 :“ 1.
(2) dimZ˝A,H X pC
ˆqr “ r´ dimxm0, . . . ,mryC, where xm0, . . . ,mryC Ă C
n´r is
the subspace spanned by mi’s.
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Proof. (1) The first equality follows from (4.1) since
ř
j aij “ 0 already follows from
(4.3). By the definition of ξ, we have!
w P pCˆqr
ˇˇ ÿ
0ďiďr
wimi “ 0 P C
n´r
)
“ P˚ pker ξq X pCˆqr.(4.4)
Since 1r P pC
ˆqr is contained in the left hand side of (4.4) by assumption, P˚ pker ξqX
pCˆqr is a non-empty open subset of P˚ pker ξq. Hence its closure coincides with
P˚ pker ξq.
(2) By the definition of ξ, rk ξ “ dimxm0, . . . ,mryC holds. Hence we have
dimZ˝A,H X pC
ˆqr “ dim P˚ pker ξq
“ dimker ξ ´ 1
“ r ` 1´ rk ξ ´ 1 “ r ´ dimxm0, . . . ,mryC.
by (1). 
In order to clarify the description of the dimension of Z˝A,H X pC
ˆqr for general
H, we introduce an invariant α as follows.
Definition 4.5. Let V be a vector space of finite dimension over a field k “ Q or
C, and let V0, . . . , Vr Ă V be subspaces. We set K to be the kernel of the linear map
V0 ‘ ¨ ¨ ¨ ‘ Vr Ñ V : pm0, . . . ,mrq ÞÑ m0 ` ¨ ¨ ¨ `mr,
and define
α “ αpV0, . . . , Vrq :“ max tdimkxm0, . . . ,mryk | pm0, . . . ,mrq P Ku ď r,
where xm0, . . . ,mryk Ă V is the subspace spanned by m0, . . . ,mr P V . Since
dimxm0, . . . ,mryk is a lower semicontinuous function on K in Zariski topology,
α “ dimkxm0, . . . ,mryk holds for general pm0, . . . ,mrq P K.
Remark 4.6. Let V be aQ-vector space of finite dimension. For subspaces V0, . . . , Vr Ă
V , let pV0qC, . . . , pVrqC Ă VC be the C-vector spaces obtained by tensoring C over Q.
Then αpV0, . . . , Vrq “ αppV0qC, . . . , pVrqCq holds. In other words, α does not change
by tensoring C. This is because the kernel of
pV0 ‘ ¨ ¨ ¨ ‘ VrqC “ pV0qC ‘ ¨ ¨ ¨ ‘ pVrqC Ñ VC : pm0, . . . ,mrq ÞÑ m0 ` ¨ ¨ ¨ `mr
coincides with KC, and K is dense in KC in Zariski topology.
Let us return to the original setting. We set
X˚A,p1n´r ,1rq “
 
H P pPN q_ |H is tangent to XA at p1n´r, 1rq
(
Ă pPN q_,
which is a linear subvariety of codimension n` 1 defined by (4.3).
Proposition 4.7. Set Vi “ xAi ´ AiyQ in V :“ Q
n´r, and let K Ă V0 ‘ ¨ ¨ ¨ ‘ Vr
be the subspace as in Definition 4.5. Let H Ă PN be the hypersurface defined byř
i,j aijXij “ 0, and assume that H P X
˚
A,p1n´r ,1rq
. Set mi “
ř
0ďjďNi
aijuij P C
n´r.
Then the following holds.
(i) mi P pViqC and pm0, . . . ,mrq is contained in KC.
(ii) pm0, . . . ,mrq is general in KC if H is general in X
˚
A,p1n´r ,1rq
.
(iii) dimZ˝A,H X pC
ˆqr “ r ´ αpV0 . . . , Vrq for general H P X
˚
A,p1n´r ,1rq
. In par-
ticular, we have δXA ě r ´ αpV0 . . . , Vrq.
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(iv) If there exists a surjective group homomorphism p : Zn´r Ñ Zn´r´c such that
ppA0q˚¨ ¨ ¨ ˚ppArq Ă Z
rˆZn´r´c is of join type, then we have αpV0 . . . , Vrq ď
c, and hence δXA ě r ´ c.
Proof. (i) Since paijqi,j satisfies the condition (4.3), the statement follows.
(ii) Set L “ t paijqi,j P C
N`1 | paijqi,j satisfies (4.3) u, which is a linear subspace
of CN`1. Then H is general in X˚
A,p1n´r ,1rq
if and only if paijqi,j is general in L.
Consider the linear map
LÑ KC : paijqi,j ÞÑ pm0, . . . ,mrq(4.5)
defined by mi “
ř
0ďjďNi
aijuij.
Since any element of pViqC “ xAi´AiyC is written as
ř
0ďjďNi
aijuij with
ř
0ďjďNi
aij “
0, (4.5) is surjective. Hence pm0, . . . ,mrq P KC is general for general paijqi,j P L.
(iii) By (ii), it holds that dimxm0, . . . ,mryC “ αppV0qC, . . . , pVrqCq “ αpV0 . . . , Vrq.
Hence dimZ˝A,HXpC
ˆqr “ r´αpV0 . . . , Vrq holds by Lemma 4.4. The last statement
follows from δXA “ dimZ
˝
A,H for general H.
(iv) Let pQ : Q
n´r Ñ Qn´r´c be the surjective linear map induced by p. Since
ppA0q ˚ ¨ ¨ ¨ ˚ ppArq Ă Z
r ˆ Zn´r´c is of join type,
xppA0q ´ ppA0qyQ ` ¨ ¨ ¨ ` xppArq ´ ppArqyQ Ă Q
n´r´c(4.6)
is the inner direct sum of xppA0q ´ ppA0qyQ, . . . , xppArq ´ ppArqyQ.
Take pv0, . . . , vrq P K. Then pQpviq is contained in pQpViq “ xppAiq ´ ppAiqyQ.
Furthermore, it follows from
řr
i“0 vi “ 0 that
řr
i“0 pQpviq “ 0 P Q
n´r´c. Since (4.6)
is the inner direct sum, we have pQpviq “ 0 for any 0 ď i ď r. Hence vi P ker pQ and
dimxv0, . . . , vryQ Ă ker pQ » Q
c,
which implies αpV0, . . . , Vrq ď c. 
We will use the following lemma about the invariant α in the next section.
Lemma 4.8. Let V0, . . . , Vr and K be as in Definition 4.5. Assume that the follow-
ing condition is satisfied.
p˚q : for general pm0, . . . ,mrq P K and for any two integers i, j with 0 ď i, j ď
r, it holds that
xml | 0 ď l ď r, l ‰ i, jyk “ xm0, . . . ,mryk.
In other words, we assume that for general pm0, . . . ,mrq P K, even if any two of
m0, . . . ,mr are removed, the rest ml’s still span the original space xm0, . . . ,mryk.
Then there exists an αpV0, . . . , Vrq-dimensional subspace V
1 Ă V such that
(1) for the canonical quotient map q : V Ñ V {V 1, the subspace qpV0q ` ¨ ¨ ¨ `
qpVrq Ă V {V
1 is the inner direct sum of qpV0q, . . . , qpVrq,
(2) if q˜ : V Ñ V˜ is a linear map and q˜pV0q ` ¨ ¨ ¨ ` q˜pVrq Ă V˜ is the inner direct
sum of q˜pViq’s, it holds that V
1 Ă ker q˜.
Proof. Set α “ αpV0, . . . , Vrq. Fix a general element pm0, . . . ,mrq P K and set
V 1 “ xm0, . . . ,mryk Ă V . By the definition of αpV0, . . . , Vrq, we have dimV
1 “ α.
For any 1 ď i ď r, taking j “ 0 in p˚q, we have
xml | 1 ď l ď r, l ‰ iyk “ xm0, . . . ,mryk.
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In particular, mi P xml | 1 ď l ď r, l ‰ iyk, i.e., mi is written as a linear combination
of ml’s with l ‰ 0, i. Hence we can find bi1, . . . , bir P k with bii “ 1 such thatř
1ďlďr bilml “ 0.
Fix general pt1, . . . , trq P k
r and set m˜l “ p
ř
1ďiďr tibilqml P Vl for 1 ď l ď r.
Since ÿ
1ďlďr
m˜l “
ÿ
1ďlďr
˜ ÿ
1ďiďr
tibil
¸
ml “
ÿ
1ďiďr
ti
ÿ
1ďlďr
bilml “ 0,
we have p0, m˜1, . . . , m˜rq P K. Since bii “ 1 ‰ 0 and pt1, . . . , trq is general,
ř
1ďiďr tibil ‰
0 holds for any l. Hence we have xm˜1, . . . , m˜ryk “ xm1, . . . ,mryk “ V
1, where the
second equality holds since m0 “ ´
ř
1ďiďrmi by the definition of K.
Claim 4.9. For any pm10, . . . ,m
1
rq P K, each m
1
i is contained in V
1.
Proof of Claim 4.9. It is enough to show that m10 P V
1.
We take m˜1, . . . , m˜r as above. Since p0, m˜1, . . . , m˜rq, pm
1
0,m
1
1, . . . ,m
1
rq P K, we
have
psm10, m˜1 ` sm
1
1, . . . , m˜r ` sm
1
rq P K(4.7)
for any s P k. Let us consider
hpsq :“ dimxm10, m˜1 ` sm
1
1, . . . , m˜r ` sm
1
ryk,
which is equal to the dimension of xsm10, m˜1 ` sm
1
1, . . . , m˜r ` sm
1
ryk if s ‰ 0. Then
hpsq ď α holds for any s ‰ 0 because of (4.7) and the definition of α. Since hpsq is
lower semicontinuous as a function of s P k, we have hp0q ď α, that is, the dimension
of xm10, m˜1, . . . , m˜ryk is at most α as well.
On the other hand, the dimension of xm˜1, . . . , m˜ryk “ V
1 is α. Hence m10 must be
contained in xm˜1, . . . , m˜ryk “ V
1. 
We show that this V 1 satisfies the conditions (1), (2) in this lemma.
To see (1), take vi P Vi and assume that qpv0q ` ¨ ¨ ¨ ` qpvrq “ 0 P V {V
1. Then
v0 ` ¨ ¨ ¨ ` vr P V
1 “ xm0, . . . ,mryk. Hence v0 ` ¨ ¨ ¨ ` vr “
ř
0ďiďr cimi holds for
some ci P k. This means pv0 ´ c0m0, . . . , vr ´ crmrq P K. By Claim 4.9, vi ´ cimi P
V 1 holds. Since mi P V
1, we have vi P V
1 and hence qpviq “ 0 P V {V
1. Thus
qpV0q ` ¨ ¨ ¨ ` qpVrq Ă V {V
1 is the inner direct sum of qpViq’s.
To check (2), let q˜ be a linear map as in (2). Since
řr
i“0mi “ 0 P V , it holds
that
řr
i“0 q˜pmiq “ 0 P V˜ . Hence we have q˜pmiq “ 0 for any i since q˜pmiq P q˜pViq
and q˜pV0q ` ¨ ¨ ¨ ` q˜pVrq Ă V˜ is the inner direct sum. Thus mi P ker q˜ and V
1 “
xm0, . . . ,mryk is contained in ker q˜. 
5. Proof of Theorem 1.3
In this section, we prove our main theorem:
Theorem 5.1 (=Theorem 1.3). Let A Ă Zn be a finite subset with xA´Ay “ Zn.
Then there exist finite subsets A0, . . . , Ar Ă Z
n´r and a surjective group homomor-
phism p : Zn´r Ñ Zn´r´c for some non-negative integers r, c such that the following
three conditions are satisfied;
(a) A Ă Zn is Z-affinely equivalent to the Cayley sum A0 ˚ ¨ ¨ ¨ ˚Ar Ă Z
n´rˆZr,
(b) ppA0q ˚ ¨ ¨ ¨ ˚ ppArq Ă Z
n´r´c ˆ Zr is of join type,
(c) the dual defect δXA “ r ´ c.
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First of all, let us see an example.
Example 5.2. Let A “ tp0, 0q, p1, 0q, p0, 1q, p1, 1qu Ă Z2. Then the dual defect of
XA “ P
1 ˆ P1 Ă P3 is 0. Hence r “ c “ 0, A0 “ A, and p “ idZ2 satisfy (a), (b),
(c). On the other hand, r “ c “ 1, A10 “ A
1
1 “ t0, 1u Ă Z
1, and p1 : Z1 Ñ Z0 “ t0u
also satisfy (a), (b), (c).
From this example, we see that Ai and p which satisfy (a), (b), (c) are not unique
in general. To modify such situation, we add one more condition to Theorem 1.3.
We use the following notation.
Definition 5.3. Let A Ă Zn be a finite subset with xA´Ay “ Zn. Let π : Zn Ñ Zr
be a surjective group homomorphism such that πpAq is Z-affinely equivalent to
t0, e1, . . . , eru.
We say that A is of join type with respect to π if the Cayley sum A0 ˚ ¨ ¨ ¨ ˚ Ar
obtained in Lemma 2.2 is of join type. This is equivalent to the condition that the
subspace
řr
i“0Mi Ă ker π is the inner direct sum ofMi ’s, where πpAq “ tu
1
0, . . . , u
1
ru
and
Mi :“ xπ
´1pu1iq XA´ π
´1pu1iq XAy.
We note thatMi Ă Z
n is contained in kerπ even though π´1pu1iqXA is not contained
in kerπ in general.
We will prove the following theorem which is a refined version of Theorem 1.3.
Theorem 5.4. Let A Ă Zn be a finite subset with xA´Ay “ Zn. Then there exists
surjective group homomorphisms π1 : Z
n Ñ Zn´c and π2 : Z
n´c Ñ Zr for some
non-negative integers r, c such that
(1) π2pπ1pAqq is Z-affinely equivalent to t0, e1, . . . , eru,
(2) π1pAq Ă Z
n´c is of join type with respect to π2,
(3) δXA “ r ´ c,
(4) if surjective group homomorphisms π11 : Z
n Ñ Zn´c
1
and π12 : Z
n´c1 Ñ Zr
1
for some r1, c1 ě 0 also satisfy (1), (2), (3), it holds that
ker π1 Ă ker π
1
1 Ă kerpπ
1
2 ˝ π
1
1q Ă kerpπ2 ˝ π1q Ă Z
n.
In other words, it holds that Xπ2˝π1pAq Ă Xπ12˝π11pAq Ă Xπ11pAq Ă Xπ1pAq Ă XA
as subvarieties of XA.
The conditions (1), (2), (3) correspond to (a), (b), (c) in Theorem 1.3 respectively.
We add the condition (4), from which the subvarieties Xπ2˝π1pAq Ă Xπ1pAq Ă XA are
uniquely determined by A.
For example, we can take π1 “ idZ2 and the zero map π2 : Z
2 Ñ Z0 with r “ c “ 0
for A in Example 5.2. In particular, we have Xπ2˝π1pAq “ t12u Ă Xπ1pAq “ XA.
Once Theorem 5.4 is proved, we can show Theorem 1.3 as follows.
Proof of Theorem 1.3. We take π1 and π2 as in Theorem 5.4. Set π “ π2˝π1. Apply-
ing Lemma 2.2 to A Ă Zn and π : Zn Ñ Zr, we have finite subsets A0, . . . , Ar Ă Z
n´r
such that A is Z-affinely equivalent to A0 ˚ ¨ ¨ ¨ ˚ Ar.
Recall the construction of Ai. We take a section s : Z
r Ñ Zn of 0 Ñ ker π Ñ
Zn
π
ÝÑ Zr Ñ 0 and set
Ai “ pπ
´1pu1iq XAq ´ spu
1
iq Ă ker π » Z
n´r,
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where πpAq “ tu10, . . . , u
1
ru.
Since π1 : Z
n Ñ Zn´c is surjective, the restriction of π1 on ker π gives a surjective
group homomorphism π1|ker π : ker π Ñ ker π2 » Z
n´c´r. By the definition of Ai,
π1pAiq “ pπ2
´1pu1iq X π1pAqq ´ π1pspu
1
iqq Ă ker π2
holds. Again, it follows from Lemma 2.2 that π1pAq is Z-affinely equivalent to
π1pA0q ˚ ¨ ¨ ¨ ˚ π1pArq since π1 ˝ s is a section of π2 : Z
n´c Ñ Zr. By the condition
(2), π1pA0q ˚ ¨ ¨ ¨ ˚ π1pArq is of join type. Hence A0, . . . , Ar Ă Z
n´r and p : Zn´r »
kerπ
π1|ker pi
ÝÑ ker π2 » Z
n´c´r satisfy (a) and (b).
The equality (c) in Theorem 1.3 is the same as (3) in Theorem 5.4. 
5.1. Proof of Theorem 5.4. Now we focus on Theorem 5.4 and give a proof in this
subsection. Throughout this subsection, we fix a finite set A Ă Zn with xA´Ay “ Zn.
If δXA “ 0, π1 “ idZn and the zero homomorphism π2 : Z
n Ñ Z0 for r “ c “ 0
satisfy (1)-(4) in Theorem 5.4 since kerπ1 “ t0u and kerpπ2 ˝ π1q “ Z
n. Hence we
assume δXA ą 0 in the rest of this subsection.
First, we construct a surjective group homomorphism π : Zn Ñ Zr. Next, we
decompose π into π1 : Z
n Ñ Zn´c and π2 : Z
n´c Ñ Zr as in the statement of
Theorem 5.4.
Lemma 5.5. There exists a surjective group homomorphism π : Zn Ñ Zr for some
r such that the following conditions hold;
(i) πpAq is Z-affinely equivalent to t0, e1, . . . , eru,
(ii) for a general hyperplane H Ă PN which is tangent to XA at 1n,
(ii-1) the contact locus ZH “ tx P pCˆqn Ă XA |H is tangent to XA at xu
is contained in the r-plane XπpAq Ă XA,
(ii-2) H i|ZH ‰ Hj |ZH for i ‰ j, where H0, . . . ,Hr are the torus invariant
hyperplanes of XπpAq » P
r,
(ii-3) if π1 : Zn Ñ Zr
1
satisfies (i) and (ii-1), XπpAq Ă Xπ1pAq holds.
Proof. Let π : Zn Ñ Zr be a surjective group homomorphism which satisfies (i).
Then ker π is generated by tu´u1 |πpuq “ πpu1qu. Hence kerπ is uniquely determined
by the decomposition
A “ pπ´1pu10q XAq \ pπ
´1pu11q XAq \ ¨ ¨ ¨ \ pπ
´1pu1rq XAq,(5.1)
where πpAq “ tu10, . . . , u
1
ru. Thus as a subvariety, the r-planeXπpAq Ă XA is uniquely
determined by the decomposition (5.1).
Since there are at most finitely many decompositions of A into r ` 1 subsets for
0 ď r ď n, the following set of subvarieties of XA
tΛ Ă XA |Λ “ XπpAq for some 0 ď r ď n, π : Z
n Ñ Zr which satisfies (i)u(5.2)
is a finite set.
Let X˚A,1n Ă pP
N q_ be the set of hyperplanes which are tangent to XA at 1n. For
general H P X˚A,1n , ZH is a δXA-plane which contains 1n. Applying Corollary 3.7 to
ZH , we have a surjective group homomorphism πH :M Ñ Z
rH as in the statement
of Corollary 3.7.
By Corollary 3.7, XπH pAq is the minimum subvariety containing ZH in (5.2). Since
(5.2) is a finite set, XπH pAq does not depend on the choice of general H P X
˚
A,1n
, i.e.,
there exists Λ “ XπpAq in (5.2) for some π : Z
n Ñ Zr such that Λ “ XπHpAq holds
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for general H in X˚A,1n . This π satisfies (i), (ii-1), and (ii-3). By Lemma 3.9, (ii-2)
follows. 
Let π : Zn Ñ Zr be the surjective group homomorphism obtained by Lemma 5.5.
Set V :“ pker πqQ » Q
n´r. For πpAq “ tu10, . . . , u
1
ru, set
Mi :“ xπ
´1pu1iq XA´ π
´1pu1iq XAy Ă ker π,
Vi :“ pMiqQ Ă V.
(5.3)
Assume that π is the composite of two surjective group homomorphisms π1 :
Zn Ñ Zn´c and π2 : Z
n´c Ñ Zr for an integer c ě 0. By definition, π1pAq is of join
type with respect to π2 if and only if the subspace
řr
i“0M
π2
i Ă kerπ2 is the inner
direct sum of Mπ2i ’s, where
Mπ2i :“ xπ2
´1pu1iq X π1pAq ´ π2
´1pu1iq X π1pAqy Ă ker π2.
Since π1pπ
´1pu1iq XAq “ π2
´1pu1iq X π1pAq, it holds that
π1pMiq “ xπ1pπ
´1pu1iq XAq ´ π1pπ
´1pu1iq XAqy
“ xπ2
´1pu1iq X π1pAq ´ π2
´1pu1iq X π1pAqy “M
π2
i .
Hence π1pAq is of join type with respect to π2 if and only if π1pM0q`¨ ¨ ¨`π1pMrq Ă
kerπ2 is the inner direct sum of π1pMiq’s. This is also equivalent to the condition
that π1QpV0q ` ¨ ¨ ¨ ` π1QpVrq Ă pker π2qQ is the inner direct sum of π1QpViq’s for the
Q-linear map π1Q : Q
n Ñ Qn´c obtained from π1 since π1QpViq “ π1pMiqQ.
Let us construct homomorphisms π1 and π2 in Theorem 5.4.
Lemma 5.6. Let π : Zn Ñ Zr be the surjective group homomorphism obtained by
Lemma 5.5. Let Vi as (5.3) and set c “ αpV0, . . . , Vrq. Then there exist surjective
group homomorphisms π1 : Z
n Ñ Zn´c and π2 : Z
n´c Ñ Zr such that
(i) π “ π2 ˝ π1,
(ii) π1pAq is of join type with respect to π2,
(iii) if (i) and (ii) are satisfied for π˜1 : Z
n Ñ Zn´c˜ and π˜2 : Z
n´c˜ Ñ Zr, it holds
that ker π1 Ă ker π˜1.
In addition, we have δXA “ r ´ c.
Proof. First we assume that V0, . . . , Vr satisfy the condition p˚q in Lemma 4.8 and
construct π1 and π2 which satisfy (i), (ii), (iii).
Since we assume the condition p˚q, we can apply Lemma 4.8 to Vi’s and obtain
a subspace V 1 Ă V . Since V 1 Ă V “ pker πqQ Ă pZ
nqQ is a c-dimensional subspace
of pZnqQ, M
1 :“ Zn{pV 1 X Znq is a free abelian group of rank n ´ c. We fix a
group isomorphism Zn´c » M 1 and set π1 : Z
n Ñ M 1 » Zn´r to be the canonical
quotient homomorphism. By construction, kerπ1 “ V
1 X Zn Ă ker π holds. Hence
π : Zn Ñ Zr factors π1 as
π : Zn
π1ÝÑ Zn´c
π2ÝÑ Zr
with a surjective group homomorphism π2. Then (i) holds for these π1 and π2.
Since V 1 is obtained by Lemma 4.8,
π1QpV0q ` ¨ ¨ ¨ ` π1QpVrq Ă pker π2qQ “ π1pker πqQ » V {V
1
is the inner direct sum of π1QpV0q, . . . , π1QpVrq. Hence π1pAq is of join type with
respect to π2, that is, (ii) follows.
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If (i) and (ii) are satisfied for π˜1 : Z
n Ñ Zn´c˜ and π˜2 : Z
n´c˜ Ñ Zr, π˜1QpV0q`¨ ¨ ¨`
π˜1QpVrq Ă pker π˜2qQ is the inner direct sum of π˜1QpViq’s. By (2) in Lemma 4.8, we
have pker π1qQ “ V
1 Ă pker π˜1qQ. Hence ker π1 Ă ker π˜1 holds and (iii) follows.
To show that V0, . . . , Vr satisfy the condition p˚q in Lemma 4.8, let A0, . . . , Ar Ă
Zn´r be finite subsets obtained by applying Lemma 2.2 to π. Under a suitable group
isomorphism ker π » Zn´r, the subspace Vi Ă pker πqQ coincides with xAi ´AiyQ Ă
pZn´rqQ “ Q
n´r for any 0 ď i ď r. Hence V0, . . . , Vr satisfy the assumption in
Lemma 4.8 if and only if so do xA0 ´ A0yQ, . . . , xAr ´ AryQ. Thus in the rest of
the proof of this lemma, we may assume that A “ A0 ˚ ¨ ¨ ¨ ˚ Ar for these Ai’s with
Vi “ xAi ´AiyQ, and π : Z
n´r ˆ Zr Ñ Zr is the projection to the second factor.
We use the notation of Lemma 4.4 and Proposition 4.7. Let H Ă PN be a
general hyperplane which is tangent to XA at 1n. To simplify notation, we ab-
breviate Z˝A,H , ZA,H to Z
˝
H , ZH respectively. By Lemma 5.5, ZH Ă XπpAq holds.
Since XπpAq “ pCˆqr Ă XA under the identification pC
ˆqr » t1n´ru ˆ pC
ˆqr Ă
pCˆqn´r ˆ pCˆqr, we have
Z˝H “ Z
˝
H X pC
ˆqr “
#
w P pCˆqr
ˇˇˇ ÿ
0ďiďr
wimi “ 0 P C
n´r
+
by Lemma 4.4. Since ZH is the closure of Z
˝
H , it holds that
ZH “
#
rW0 : ¨ ¨ ¨ : Wrs P P
r “ XπpAq
ˇˇˇ ÿ
0ďiďr
Wimi “ 0 P C
n´r
+
.(5.4)
Then we have
δXA “ dimZH “ r ´ dimxm0, . . . ,mryC “ r ´ c,(5.5)
where the first equality follows from the definition of the dual defect, the second
equality follows from (5.4), and the last equality holds since pm0, . . . ,mrq P KC is
general by Proposition 4.7 and c “ αpV0, . . . , Vrq.
Let H i Ă XπpAq “ P
r be the torus invariant hyperplane defined by Wi “ 0. For
any two distinct integers i, j with 0 ď i, j ď r, it holds that H i|ZH ‰ Hj |ZH by
Lemma 5.5 (2-ii). Since H i|ZH ,Hj |ZH are hyperplanes of ZH » P
δXA ,
dimH i|ZH XHj |ZH “ dimZH ´ 2 “ r ´ dimxm0, . . . ,mryC ´ 2,
where we set dimH “ ´1. On the other hand,
dimH i|ZH XHj |ZH “ r ´ 2´ dimxml | 0 ď l ď r, l ‰ i, jyC
holds since H i|ZH X Hj|ZH Ă H i X Hj » P
r´2 is defined by
ř
l‰i,jWlml “ 0 P
Cn´r. Hence we have dimxm0, . . . ,mryC “ dimxml | 0 ď l ď r, l ‰ i, jyC. Thus
pV0qC, . . . , pVrqC satisfy the condition p˚q in Lemma 4.8.
By a similar argument as Remark 4.6, V0, . . . , Vr also satisfy the condition p˚q in
Lemma 4.8. Hence this lemma is proved. We note that last statement of this lemma
is already proved in (5.5). 
Now we can prove that the above π1 and π2 satisfy (1)-(4) in Theorem 5.4.
Proof of Theorem 5.4. Let π1 and π2 be the homomorphisms constructed in Lemma 5.6.
Since π2 ˝ π1 “ π, the conditions (1) and (2) follows from (i) and (ii) in Lemma 5.6.
(3) follows from the last statement of Lemma 5.6.
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To check (4), we show the following claim.
Claim 5.7. If surjective group homomorphisms π11 : Z
n Ñ Zn´c
1
and π12 : Z
n´c1 Ñ
Zr
1
satisfy (1), (2), (3) in Theorem 5.4, the contact locus ZA,H is contained in the
r1-plane Xπ1
2
˝π1
1
pAq Ă XA for a general hyperplane H Ă P
N which is tangent to XA
at 1n.
Proof of Claim 5.7. Let A10, . . . , A
1
r1 Ă Z
n´r1 be finite subsets obtained by applying
Lemma 2.2 to π12 ˝π
1
1 : Z
n Ñ Zr
1
. In particular, Xπ1
2
˝π1
1
pAq coincides with Xt0,e1,...,er1u
under the identification XA “ XA1
0
˚¨¨¨˚A1
r1
Applying Proposition 4.7 (iv) to A10 ˚ ¨ ¨ ¨ ˚ A
1
r1 , it holds that
δXA “ dimZA,H ě dimZ
˝
A,H X pC
ˆqr
1
ě r1 ´ c1 “ δXA ,
where the last equality follows from the condition (3) for π11, π
1
2. Hence ZA,H coin-
cides with the closure of Z˝A,H X pC
ˆqr
1
. Thus ZA,H is contained in the closure of
pCˆqr
1
, which is nothing but the r1-plane Xπ1
2
˝π1
1
pAq. 
Take surjective group homomorphisms π11 : Z
n Ñ Zn´c
1
and π12 : Z
n´c1 Ñ Zr
1
for
some r1, c1 ě 0 which satisfy (1), (2), (3) in Theorem 5.4. By Claim 5.7, π1 :“ π12 ˝π
1
1
satisfies (i) and (ii-1) in Lemma 5.5. Hence XπpAq Ă Xπ1pAq holds by Lemma 5.5
(ii-3). Thus kerpπ12 ˝ π
1
1q “ ker π
1 Ă kerπ “ kerpπ2 ˝ π1q holds and π : Z
n Ñ Zr
factors π1 as
π : Zn
π1
Ñ Zr
1 ̟
Ñ Zr
for some ̟.
Since kerπ11 Ă kerpπ
1
2 ˝ π
1
1q “ kerπ
1, the rest is to show ker π1 Ă ker π
1
1. Consider
Zn´c
1 π1
2Ñ Zr
1 ̟
Ñ Zr.
Since π11pAq Ă Z
n´c1 is of join type with respect to π12 by (2), π
1
1pAq is of join type
with respect to̟˝π12 by Lemma 2.4. By (iii) in Lemma 5.6 for π˜1 “ π
1
1 : Z
n Ñ Zn´c
1
and π˜2 “ ̟˝π
1
2 : Z
n´c1 Ñ Zr, we have ker π1 Ă ker π˜1 “ ker π
1
1. Thus (4) follows. 
5.2. Examples. In the following examples, we assume that A Ă Zn spans Zn as an
affine lattice.
Example 5.8. If δXA “ 0, we can take π1 “ idZn : Z
n Ñ Zn and π2 : Z
n Ñ Z0 for
r “ c “ 0 as we have already seen in §5.1.
As Ai and p in Theorem 1.3, we can take r “ c “ 0, A0 “ A, and p “ idZn since
A is Z-affinely equivalent to the Cayley sum Aˆ t0u Ă Zn ˆ Z0 of join type.
Example 5.9. Let A0, . . . , Ar Ă Z
n´r be finite sets and set A “ A0 ˚ ¨ ¨ ¨ ˚Ar. It is
known that XA is dual defective if 2r ´ n ą 0 (see [Pi, Section 7] for example).
This can be checked by Proposition 4.7 (iv) for c “ n ´ r and the zero map
p : Zn´r Ñ Z0 “ t0u since r ´ c “ 2r ´ n and
ppA0q ˚ ¨ ¨ ¨ ˚ ppArq “ t0u ˆ t0, e1, . . . , eru Ă t0u ˆ Z
r
is of join type.
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Example 5.10. Let A Ă Z2 ˆ Z3 be the Cayley sum of A0, . . . , A3 Ă Z
2 for
A0 “ tp0, 0q, p1, 0q, p2, 0qu, A1 “ tp0, 0q, p0, 1q, p0, 2qu,
A2 “ A3 “ tp0, 0q, p1, 0q, p0, 1q, p1, 1qu.
If there exists a surjective group homomorphism π1 : Z2 ˆ Z3 Ñ Zr
1
such that
π1pAq is Z-affinely equivalent to t0, e1, . . . , er1u, then π
1pA0 ˆ t0uq consists of one
point. In fact, for l “ 0, 1, 2 and u¯l “ π
1ppl, 0q, 0q P π1pA0 ˆ t0uq, it holds that
u¯0 ´ 2u¯1 ` u¯2 “ 0. Since π
1pAq consists from Z-affinely independent r1 ` 1 points,
u¯0 “ u¯1 “ u¯2 must hold. Similarly, π
1pA1ˆte1uq consists of one point as well. Hence
π1 factors through the projection pr : Z2ˆZ3 Ñ Z3 to the second factor (we use the
notation pr to distinguish π “ π2 ˝π1 in the proof of Theorem 5.4, although we will
see pr “ π2 ˝ π1 in the following paragraphs).
Take π1, π2 in Theorem 5.4 for this A. By the previous paragraph, π2 ˝π1 factors
through the projection pr : Z2ˆZ3 Ñ Z3. In fact, we can take π1 “ pr and π2 “ idZ3
withpr, cq “ p3, 2q, and hence δXA “ 3´ 2 “ 1. The reason is as follows.
By the construction of π1, π2, ZH is contained in Xπ2˝π1pAq for general H which
is tangent to XA at 15 “ p12, 13q. Since π2 ˝ π1 factors through pr, we have
Xπ2˝π1pAq Ă XprpAq. Hence ZH is contained in XprpAq » P
3. Applying Lemma 4.4
and Proposition 4.7 to A0 ˚A1 ˚A2 ˚A3, we have the following description of ZH “
Z˝H X pC
ˆq3 : Since V0 “ Qp1, 0q, V1 “ Qp0, 1q, V2 “ V3 “ Q
2, pm0,m1,m2,m3q P
KC induced by H is written as pp´a ´ c, 0q, p0,´b ´ dq, pa, bq, pc, dqq for general
a, b, c, d P C. Hence
ZH “
 
rW0 : W1 : W2 : W3s P P
3 |W0m0 `W1m1 `W2m2 `W3m3 “ 0
(
Ă P3
is the line defined by p´a´cqW0`aW2`cW3 “ p´b´dqW1`bW2`dW3 “ 0. Since
ZH is contained inXπ2˝π1pAq Ă XπpAq “ P
3 for any general a, b, c, d, it must hold that
Xπ2˝π1pAq “ XprpAq, i.e., kerπ2 ˝ π1 “ ker pr. Hence we may assume π2 ˝ π1 “ pr.
For these Vi’s, we have α “ dimCxp´a ´ c, 0q, p0,´b ´ dq, pa, bq, pc, dqy “ 2. This
means that c “ rk kerπ1 “ 2. Since ker π1 Ă ker π2 ˝π1 “ ker pr “ Z
2ˆt0u, we have
kerπ1 “ Z
2 ˆ t0u. Thus we can take pr : Z2 ˆ Z3 Ñ Z3 as π1 and hence π2 “ idZ3 .
We will see this example again in the next section.
Example 5.11. In Example 5.8 (resp. Example 5.10), π2 is the zero (resp. the
identity) homomorphism.
As an example with π2 ‰ 0, idZr , we consider
A “ t0, e1, e2, e3, e4, e4, e5, e6, u, vu Ă Z
6,
where u “ p´1, 2, 0, 0,´2, 1q, v “ p0, 0,´1, 2,´2, 1q. We note that this example
is nothing but Example 6.4 in [BDR] up to a change of indices of e1, . . . , e6 (see
also [DN, Section 4]). By [BDR, Example 6.4], XA Ă P
8 is strongly self dual, i.e.,
XA “ X
˚
A holds in a suitable sense (see [BDR] for self duality). In particular, we
have δXA “ 1.
We define Z6
π1ÝÑ Z5
π2ÝÑ Z2 by
px1, . . . , x6q ÞÑ px1, x2, x3, x4, x5 ` 2x6q ÞÑ px1 ` x2, x3 ` x4q.
For π :“ π2 ˝ π1, we have πpAq “ tp0, 0q, p1, 0q, p0, 1qu. Let A
0, A1, A2 Ă A be the
fibers of π|A over p0, 0q, p1, 0q, p0, 1q respectively. Then
A0 “ t0, e5, e6u, A
1 “ te1, e2, uu, A
2 “ te3, e4, vu.
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For the standard basis f1, . . . , f5 of Z
5, it holds that
π1pA
0q “ t0, f5, 2f5u, π1pA
1q “ tf1, f2,´f1 ` 2f2u, π1pA
2q “ tf3, f4,´f3 ` 2f4u
and hence
xπ1pA
0q´π1pA
0qy “ xf5y, xπ1pA
1q´π1pA
1qy “ xf2´f1y, xπ1pA
2q´π1pA
2qy “ xf4´f3y.
Since xf5y ` xf2 ´ f1y ` xf4 ´ f3y Ă ker π2 Ă Z
5 is the inner direct sum, π1pAq is of
join type with respect to π2. Hence π1, π2 satisfy conditions (1), (2) in Theorem 5.4.
The condition (3) also holds since r “ 2, c “ 1 and δXA “ 1. If the condition
(4) is not satisfied for these π1, π2, there exists surjective group homomorphisms
Z6 Ñ Z6´r and Z6´c Ñ Zr for r “ 1, c “ 0 which satisfy (1), (2). This means that
A is Z-affinely equivalent to a Cayley sum B0 ˚B1 of join type. We can check that
there are no such Bi’s, and hence the condition (4) is satisfied for these π1, π2.
6. Geometric description
In this section, we interpret Theorem 1.3 geometrically.
6.1. Joins and toric varieties. Let X0, . . . ,Xr Ă P
N be projective varieties such
that x0 . . . xr is r-dimensional for general px0, . . . , xrq P X0 ˆ ¨ ¨ ¨ ˆ Xr, where
x0 . . . xr Ă P
N is the linear subvariety spanned by r ` 1 points x0, . . . , xr (in this
paper, we always assume this condition when we consider joins of varieties).
The join JpX0, . . . ,Xrq Ă P
N of X0, . . . ,Xr Ă P
N is defined to be
JpX0, . . . ,Xrq “
ď
x0,PX0,...,xrPXr
x0 . . . xr Ă P
N ,
where we have dim JpX0, . . . ,Xrq ď r `
řr
i“0 dimXi and δJpX0,...,Xrq ě r.
Now we consider a Cayley sum of join type defined in Definition 1.2. It indeed
gives a join of toric varieties. Moreover, it has the following simple structure.
Let A0, . . . , Ar Ă Z
n´r be finite sets and let A “ A0 ˚ ¨ ¨ ¨ ˚Ar be the Cayley sum.
We set Λi “ C
#Ai for 0 ď i ď r and Λ “ C#A “ Λ0 ‘ ¨ ¨ ¨ ‘ Λr. Then we have
toric varieties XAi Ă P˚ pΛiq Ă P˚ pΛq. We note that XAi Ă P˚ pΛq coincides with the
torus invariant subvariety of XA Ă P˚ pΛq corresponding to the face ConvpAiˆteiuq
of ConvpAq.
Consider the join
JpXA0 , . . . ,XAr q Ă P˚ pΛq “ P˚ pΛ0 ‘ ¨ ¨ ¨ ‘ Λrq.
The structure of this join is simple; for example, dimJpXA0 , . . . ,XAr q “ r `řr
i“0 dimpXAiq and XAi XXAj “ H if i ‰ j. The following equality also holds.
Lemma 6.1. In the above setting, δJpXA0 ,...,XAr q “ r `
řr
i“0 δXAi .
Proof. Consider the case of r “ 1. Write X :“ XA Ă P
N and Xi :“ XAi Ă P
N .
For a general hyperplane H which is tangent to X, the contact locus ZX,H coincides
with the join JpZX0,H , ZX1,Hq due to Terracini’s lemma. Hence δX “ δX0 ` δX1 ` 1
holds. Inductively, we have the assertion. 
The following lemma gives a geometric meaning of Cayley sums of join type.
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Lemma 6.2 ([FI, Lemma 4.10]). Let A0, . . . , Ar Ă Z
n´r be finite sets and let A “
A0 ˚ ¨ ¨ ¨ ˚Ar be the Cayley sum. Then XA Ă P˚ pΛq is contained in JpXA0 , . . . ,XAr q,
and XA “ JpXA0 , . . . ,XArq holds if and only if the Cayley sum A “ A0 ˚ ¨ ¨ ¨ ˚Ar is
of join type.
If a toric variety XA is a join of some (not necessarily toric) varieties, then A is in
fact a Cayley sum of join type, and hence XA has the above structure. This follows
from the following result. (Since the statement of [FI, Corollary 4.14] is not so clear,
we restate it.)
Lemma 6.3. Let A Ă Zn be a finite set with xA´Ay “ Zn. Assume that the toric
variety XA Ă P
N is a join of l`1 projective varieties X0, . . . ,Xl (as we noted in the
first paragraph of this subsection, we assume that dimx0 ¨ ¨ ¨ xl “ l holds for general
px0, . . . , xlq P X0ˆ ¨ ¨ ¨ ˆXl). Then there exist finite subsets A0, . . . , Ar Ă Z
n´r with
r ě l such that A is Z-affinely equivalent to the Cayley sum A0 ˚ ¨ ¨ ¨ ˚ Ar, which is
of join type.
Proof. Let px0, . . . , xlq P X0 ˆ ¨ ¨ ¨ ˆ Xl be general. By Terracini’s lemma, the em-
bedded tangent space TxX Ă P
N is constant on x P x0 ¨ ¨ ¨ xl X Xsm. Hence the
Gauss defect r :“ δγpXAq ě l (see [FI] for the definition of Gauss defects). Then A
is Z-affinely equivalent to a Cayley sum A0 ˚¨ ¨ ¨ ˚Ar of join type for some A0, . . . , Ar
by [FI, Corollary 4.13]. 
6.2. Geometric description of dual defects of toric varieties. We denote by
CpXq Ă X ˆ pPN q_ the closure of t px,Hq P Xsm ˆ pP
N q_ | TxX Ă H u, which is
called the conormal variety of X. Set pri to be the projection from CpXq to the
i-th factor for i “ 1, 2. By definition, pr2pCpXqq Ă pP
N q_ is the dual variety X˚ of
X. We note that pr1ppr
´1
2 pHqq Ă X is nothing but the contact locus ZH of H on X
for general H P X˚. For a subvariety Y Ă X, we denote by CpXq|Y Ă Y ˆ pP
N q_
the closure of CpXsmq X pY ˆ pP
N q_q.
The inequality in the following lemma was already shown in [LS, Proposition 3.5].
Later we need the statement in the equality case.
Lemma 6.4. Let X Ă PN be a projective variety. Take a general H P X˚, and let
Y Ă X be a closed subvariety of codimension c such that Ysm X ZH X Xsm ‰ H.
Then we have δX ě δY ´ c. Moreover, if δX “ δY ´ c holds, then we have Y
˚ “
pr2pCpXq|Y q Ă X
˚ and pr´12 pHq “ pr
´1
2 pHq X CpXq|Y ; in particular, the contact
locus on X of H is contained in Y .
Proof. Let us consider
CpXq|Y Ă

CpXq
pr2
//
pr1

X˚ Ă pPN q_
Y Ă X.
Then pr2pCpXq|Y q Ă Y
˚ holds since Tx1Y Ă Tx1X Ă H for general px
1,H 1q P
CpXq|Y . Since px,Hq P CpXq|Y for x P Ysm X ZH XXsm, we have H P Y
˚. Since
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ZH “ pr1ppr
´1
2 pHqq » pr
´1
2 pHq, we have
δX “ dimppr
´1
2 pHqq
ě dimppr´12 pHq X CpXq|Y q
ě dimpCpXq|Y q ´ dimppr2pCpXq|Y qq
ě dimpCpXq|Y q ´ dimpY
˚q
“ pN ´ 1´ dimpXq ` dimpY qq ´ pN ´ 1´ δY q “ δY ´ c.
(6.1)
Next assume that δX “ δY ´ c. Then the equality holds in the first inequality
of (6.1), hence we have pr´12 pHq “ pr
´1
2 pHq X CpXq|Y . By the third inequality, we
also have dimpr2pCpXq|Y q “ dimpY
˚q; hence Y ˚ “ pr2pCpXq|Y q Ă X
˚. 
In tYsus is a covering family of X, we can take some Ys as Y in Lemma 6.4 for
general H. Hence we have δX ě δ ´ c as stated in Introduction, where c is the
codimension of Ys and δ “ δYs for general s.
Geometrically, Proposition 4.7 (iv) is a special case of the following lemma.
Lemma 6.5. Let A Ă Zn be a finite subset with xA ´ Ay “ Zn. Let Y Ă XA be a
subvariety of codimension c with Y X pCˆqn ‰ H. Then δXA ě δY ´ c holds.
In particular, if Y is the join of r` 1 projective varieties, then δXA ě r´ c holds.
Proof. By the torus action, we have an isomorphism t¨ : XA Ñ XA for each t P
pCˆqn. Let t ¨ Y Ă XA be the image of Y by this isomorphism. Then δt¨Y “ δY
holds for any t P pCˆqn. Since Y X pCˆqn ‰ H, tt ¨ Y utPpCˆqn covers XA. Hence we
have δXA ě δY ´ c. Since the dual defect of the join of r ` 1 varieties is at least r,
we have the last statement. 
We see one more lemma.
Lemma 6.6. Let A Ă Zn be a finite subset with xA´Ay “ Zn. Take A0, . . . , Ar Ă Z
r
and p : Zn´r Ñ Zn´r´c which satisfy (a),(b),(c) in Theorem 1.3. Then δXppAiq “ 0
holds for each 0 ď i ď r. In particular, δJpXA0 ,...,XAr q “ r holds.
Proof. Although we can show this lemma by applying Theorem 1.3 to each Ai, we
give a more geometric proof using above lemmas in this section.
Since p ˆ idZrpA0 ˚ ¨ ¨ ¨ ˚ Arq “ ppA0q ˚ ¨ ¨ ¨ ˚ ppArq is of join type, it follows from
Lemma 6.2 that XpˆidZr pA0˚¨¨¨˚Arq is the join of XppA0q, . . . ,XppArq. Then we have
r ´ c “ δXA ě δJpXppA0q,...,XppArqq
´ c “ r `
rÿ
i“0
δXppAiq
´ c,
where the middle inequality follows from Lemma 6.5 and the last equality follows
from Lemma 6.1. Hence each δXppAiq must be 0. 
Casagrande and Di Rocco [CD, Corollary 5.5, Remark 5.6] proved that if XA is
normal and Q-factorial, there exists an elementary extremal contraction of fiber type
ψ : XA Ñ X
1 whose fiber is the join of r`1 toric varieties and δXA “ r´dimX
1. We
note that dimX 1 is nothing but the codimension of the fiber in XA. The following
theorem is an analog of their result for any XA.
Theorem 6.7 (=Theorem 1.4). Let A Ă Zn be a finite subset with xA´Ay “ Zn.
There exists a torus equivariant dominant rational map ψ : XA 99K pC
ˆqc for some
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c ě 0 such that the closure of each fiber is projectively equivalent to the join of r` 1
non-defective toric varieties and δXA “ r ´ c.
Proof. We take A0, . . . , Ar Ă Z
n´r and p : Zn´r Ñ Zn´r´c in the statement of
Theorem 1.3. We may assume that A “ A0 ˚ ¨ ¨ ¨ ˚ Ar.
Since kerpp ˆ idZrq » Z
c, the inclusion kerpp ˆ idZrq Ă Z
n´r ˆ Zr induces a
surjective morphism ψ : pCˆqn´r ˆ pCˆqr Ñ pCˆqc between algebraic tori. We
regard ψ as a rational map from XA to pC
ˆqc. Then the closure of the fiber ψ´1p1cq
in XA is nothing but XpˆidZr pAq “ JpXppA0q, . . . ,XppArqq Ă XA. By Lemma 6.6, we
have δXppAiq “ 0, i.e., XppAiq is non-defective. Hence this ψ satisfies the condition of
this theorem. 
The dual variety X˚A Ă pP
N q_ of the toric variety XA also has a fibration structure
which is the dual of ψ in the following sense. When XA is normal and Q-factorial,
this was proved in [CD, Theorem 5.2].
Proposition 6.8. Let XA Ă P
N and ψ be as in Theorem 1.4. Then there exists
a dominant rational map ψ˚ : X˚A 99K pC
ˆqc such that pψ˚q´1psq “ pψ´1psqq˚ in
pPN q_ and δX˚
A
“ δ
pψ˚q´1psq
´ c for general s P pCˆqc.
Proof. We write X “ XA. For s P pC
ˆqc, set Ys “ ψ´1psq Ă X. From Theorem 1.4
and Lemma 6.6, we have δX “ r ´ c “ δYs ´ c. From Lemma 6.4, the contact locus
on X of a general H P X˚ is contained in some Ys. Thus this proposition can be
shown in a similar way to [CD, Proposition 5.1]; however our ψ is not a morphism
and we need to take care of this point.
We take B to be a projective variety containing pCˆqc as an open subset. By
resolving the indeterminacy of the rational map ψ˝pr1 : CpXq Ñ X 99K pC
ˆqc Ă B,
we take a birational map µ : rCpXq Ñ CpXq for some normal projective variety rCpXq
such that Ψ :“ ψ˝pr1 ˝µ is a morphism from rCpXq to B. Set rpr2 :“ pr2 ˝µ : rCpXq Ñ
CpXq Ñ X˚ Ă pPN q_.
rCpXq µ //
Ψ
&&
Ăpr2
''
CpXq
pr1

pr2
// X˚
X
ψ

✤
✤
✤
B Ą pCˆqc
Since rCpXq is normal, rpr2 factors through the normalization ν : pX˚qnor Ñ X˚, and
we have a morphism rpr12 : rCpXq Ñ pX˚qnor. Since pr2 is a projective bundle over
pX˚qsm and µ is birational, rpr2 has connected fibers over pX˚qsm. Hence rpr12 has
connected fibers.
Since Ys’s coverX, CpXq|Ys ’s cover CpXq. From Lemma 6.4, we have pr2pCpXq|Ysq “
Y ˚s and hence Y
˚
s ’s cover X
˚. Thus, for general H P X˚, we can take some
s P pCˆqc Ă B such that H P Y ˚s . Then pr
´1
2 pHq Ă CpXq|Ys holds by Lemma 6.4,
which implies rpr´12 pHq Ă Ψ´1psq. In other words, a general fiber of rpr2, which is
also a general fiber of rpr12, is contracted to a point by Ψ.
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Applying [De, Lemma 1.15 (a)] to rpr12 : rCpXq Ñ pX˚qnor and Ψ, we have a
rational map ψ˚ : X˚ 99K B such that Ψ “ ψ˚ ˝ rpr2 holds as rational maps. Then
pψ˚q´1psq “ rpr2pΨ´1psqq “ pr2pCpXq|Ysq “ Y ˚s holds for general s. From the
projective duality X˚˚ “ X and Y ˚˚s “ Ys, we have δX˚ “ N ´ 1 ´ dimpXq “
N ´ 1´ pdimpYsq ` cq “ δY ˚s ´ c. 
Example 6.9. Contrary to the Q-factorial case, we cannot take a morphism as ψ
in Theorem 1.4 in general, even if XA is normal.
To see this, consider A “ A0 ˚ A1 ˚ A2 ˚ A3 Ă Z
2 ˆ Z3 in Example 5.10. By
Example 5.10, we have r “ 3, c “ 2, and hence δXA “ 1.
By the definition of Ai, there exists a birational morphism µ : PP1ˆP1pEq Ñ XA Ă
P13, where E :“ Op2, 0q ‘Op0, 2q ‘ Op1, 1q ‘Op1, 1q. The contracted locus of µ is
the disjoint union of two sections of PP1ˆP1pEq Ñ P
1 ˆ P1 corresponding to Op2, 0q
and Op0, 2q. Thus the Picard number of XA is one. Hence there is no surjective
morphism from XA to a two dimensional variety. In this case, ψ is the rational map
XA
µ´1
99K PP1ˆP1pEq Ñ P
1 ˆ P1 Ą pCˆq2.
Since the natural map SymdH0pEq Ñ H0pSymd Eq is surjective for any d P N, the
embedding XA Ă P
13 is projectively normal. In particular, XA in normal.
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